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THE CATEGORY OF COLOMBEAU ALGEBRAS 


LORENZO LUPERI BAGLINI AND PAOLO GIORDANO 


Abstract. In [11], we introduced the notion of asymptotic gauge (AG), and 
we used it to construct Golombeau AG-algebras. This construction concur¬ 
rently generalizes that of many different algebras used in Colombeau’s theory, 
e.g. the special one C/®, the full one C?®, the NSA based algebra of asymptotic 
functions Q, and the diffeomorphism invariant algebras CJ'^, and Q. In this 
paper we study the categorical properties of the construction of Golombeau 
AG-algebras with respect to the choice of the AG, and we show their conse¬ 
quences regarding the solvability of generalized ODE. 


1. Introduction 

Although Golombeau algebras were introduced to find solutions of differential 
problems which are not solvable in classical spaces of distributions, it is well known 
that very simple equations remains not solvable also in these algebras, see e.g. 
[5, 11]. A step toward the analysis of these problems is the generalization of the 
role of the infinite nets (e“") 6 appearing in the definition of Golombeau 

algebras. This has already been done through the notions of asymptotic scale, 
(C, f, 7^)-algebras, (Ad, A/”, hp)-a'lgebras, exponent weights and asymptotic gauges 
(AG), see [11] and references therein. In particular, if one considers the usual sheaf 
of smooth functions, Golombeau AG-algebras is the simplest and most general ap¬ 
proach. In fact, Golombeau AG-algebras include different algebras, like the special 
one 11®, the full one H®, the NSA based algebra of asymptotic functions Q, and 
the diffeomorphism invariant algebras and Q (see [5]). Its simplicity lies, 

for all these algebras, in the use of the simple logical structure of quantifiers that 
characterizes the special algebra H®. 

In the context of AG, it is therefore natural to set the following questions: 

• Is the construction of the Golombeau algebra functorial with respect to the 
AG? Is this construction functorial with respect to the open set 11? 

• When can we consider two AG as isomorphic? For instance, we will show 
that the AG of polynomial growth is isomorphic to the AG of exponential 
growth. This isomorphism holds in spite of the fact that using the latter 
we can solve ODE which are not solvable with the former, see Sec. 6. 

• How to relate the solutions obtained using one AG to those obtained using 
another one? 

• Golombeau theory can be more clearly summarized by saying that it permits 
to define a differential algebra together with an embedding of Schwartz’s 
distributions. This embedding can be intrinsic, or diffeomorphism invariant. 
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or it can be chosen in order to have properties like H{0) = where H is 
the Heaviside’s step function. Can we define a general category having as 
objects triples (G, d, i) made of an algebra G, a family of derivations d and 
an embedding of distributions il Can we see fy® as a suitable functor with 
values in this category? What is the domain of this functor? 

In the present work, we answer these questions. 

2. Sets of Indices 

2.1. Basic definitions. In [12], the general notion of sets of indices has been 
introduced. This notion permits to unify the presentation of several Colombeau- 
type algebras of nonlinear generalized functions. For reader’s convenience, in this 
section we recall the notations and notions from [12] that we will use in the present 
work. For all the proofs, we refer to [12]. 

Definition 1. We say that I = (/, ^,1) is a set of indices if the following conditions 
hold: 

(i) is a pre-ordered set, i.e., / is a non empty set with a reflexive and 
transitive relation ^ ; 

(ii) I is a set of subsets of I such that 0 f I and / e I; 

(hi) yA,B eI3C el: C An B. 

For all eel, set (0, e] := {e G / | e ^ e}. As usual, we say £ < e if £ ^ e and 
£ A e. Using these notations, we state the last condition in the definition of set of 
indices: 

(iv) Ife^aGAGl, the set Ajje := (0, e] n A is downward directed by < , i.e., 
it is non empty and V6, c G A^e 3d G A^e : d < b, d < c. 

The following are examples of sets of indices. 

Example 2. 

(i) Let P := (0,1] c let ^ be the usual order relation on R, and let I® := 
{(0,£o] I £o G/}. Following [12], we denote by F := (F,^,I®) this set of 
indices. 

(ii) If G 2?(R"), r e R>o and x e M", we use the symbol r Q ip to denote the 
function x e R" ^ ■ ip (^) e R, see [12]. With the usual notations of [5], 
we define J® := Ao, := {Aq \ q e N}, and for e, e e 7®, we set £ ^ e iff 
there exists r e R>o such that r ^ 1 and e = rQe. Then F := (J®, ^,X®) is 
a set of indices used in this framework to unify and simplify the full algebra 
fy® (see [12, Sec. 3[). 

(hi) For every p e Aq , let us call order of p the natural number 
o{p) := min{n G N | G A„\A„+i} 
and, for every p, ip e Aq, set 

p < if itl o{p) < oiif) orp ^ if ini®. 

We have that I® = (Aq, <, {Ag | g G N}) is a downward directed set of indices 
that can be used to try a simplification of the full algebra fy®. See Sec. 3.1 
for the nicer properties that downward directed sets have also with respect 
to the notions we are going to introduce. 
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Henceforward, functions of the type / : I —> R will also be called nets, and for 
their evaluation we will both use the notations fe or /(e), the latter in case the 
subscript notation is too cumbersome. When the domain I is clear, we use also the 
notation / = (/g) for the whole net. Analogous notations will be used for nets of 
smooth functions u = (ug) e 

In each set of indices, we can define two notions of big-0 for nets of real numbers. 
These two big-Os share the same (usual) properties of the classical one as preorders 
and concerning algebraic operations (see [12, Thm. 2.8, Thm. 2.14]). Since each 
set of the form A^e = (0, e] n A is downward directed, the first big-0 is the usual 
one: 


Definition 3. Let I = (/, ^,X) be a set of indices. Let a e A e I and let (t^), 
(ye) e be two nets of real numbers defined in I. We write 

Oa,A{ye) G I (2.1) 


if 


e R>o 3^0 6 A,gQ Ve e Ajj^p : [ieI ^ H ■ |j/g|. 


( 2 . 2 ) 


The second notion of big-0 is the following: 


Definition 4. Let I = (/, ^ I) be a set of indices. Let ^7 c I be a non empty 
subset of I such that 


yA,BeJ3CeJ: C<^AnB. 
Finally, let (xg), (ye) G R^ be nets of real numbers. Then we say 

Xe = Oj{ye) as e G I 


if 

We simply write Xg 


3A G jya G A : X^ — Oa^AiVe) ■ 

0{ye) (as e G I) when J = I, i.e. to denote x^ 


(2.3) 


OxiVe)- 


For example, in case of the set of indices I® used for the full algebra, we have 
Xe = 0{ye) as e G F if and only if G NV(/3 G A,j : x{e Q (p) = O [?/(eO (/?)] as 
e —> O’*", where the latter big-0 is the classical one, see [12, Thm. 3.2[. We can hence 
recognise an important part of the usual definition of moderate and negligible nets 
for the full algebra t/®. The abstract approach we use in this paper can be easily 
understood by interpreting I in the simplest case I® of the special algebra and in 
the case F of the full algebra. In the former, any formula of the form 3 A G IVa G A 
becomes 3eo e (0,1] Ver g (0, Gq]- In the latter it becomes 3^ G N V(^ G Aq. 

In every set of indices we can formalize the notion of for e sufficiently small as 
follows. 


Definition 5. Let I = (/, ^,1) be a set of indices. Let a G A G I and 'P{—) be a 
property, then we say 

V”eGA^„: V{e), 

and we read it for e sufficiently small in A^a the property Vie) holds, if 

3e G A^(j(2-4) 

Note that, by condition (iv) of Def. 1, it follows that A^e ^ 0, so that (2.4) is 
equivalent to 

3e ^ oVg g A^e • V{e). 
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Moreover, we say that 

V^e: V{e), 

and we read it for e sufficiently small in I the property P(e) holds, if 3A e IVa e 
s : 7^(e). 

Using this notion, we can define an order relation for nets. 

Definition 6. Let I = (I, ^,1) be a set of indices, and i, j '■ I —>• M be nets. Then 
we say i >i j if 

V'e : ie > je- 

Finally, we recall the notion of limit of a net of real numbers: 

Definition 7. Let I = (1,^,1) be a set of indices, / : I —> K. a map, and 
1 G R u {+ 00 , —oo}. Then we say that I is the limit of f ini if 

3Aeiyae A: I = \hjif\A{e), (2.5) 

e^a 

where the limit (2.5) is taken in the downward directed set (0, a] = I^a- 

Let us observe that if I = limesjo/|^(e:) and B A , B e I , then I = 
liiUe^a /|B(e); moreover, there exists at most one I verifying (2.5). 

3. The Category Ind 

We start by defining the notion of morphism between two sets of indices. This 
is also a natural step to define the concept of morphism of asymptotic gauges. A 
natural property to expect from a morphism / : Ii —> I 2 between sets of indices 
Ii, I 2 is the preservation of the notion of “eventually” for properties V, i.e. that 
7^(ei) implies V ’'^£:2 'P{f{£ 2 ))- Let us note that we start from a property P(£i), 
for El G /i, and we want to arrive at a property V{f{e 2 )), for £2 £ L 2 . 

Definition 8. Let Ik = {Ik, ^k,^k) be sets of indices for fc = 1, 2. Let a e A e 
Ii, b e B e l 2 - Then we say that / : —> B^t is infinitesimal if 

(i) / : h —>■ U; 

(ii) Va G V''^£2 6 : /(£2 )gA^q,. 

Moreover, we say that / : Ii —> I 2 is a morphism of sets of indices if 
VA G Xi Va G A3B g I 2 g B : / : A^o —> B^t is infinitesimal. 

Therefore, a morphism / : Ii —> I 2 is a map in the opposite direction / : I 2 —> Ii 
between the underlying sets. Only in this way we have that the map / preserves 
the asymptotic relations that hold in Ii, see Cor. 13 for a list of examples. 

Example 9. 

(i) For every set of indices I = (/, ^,1) if li : J —> I is the identity function 
then li : I —> I is a morphism. 

(ii) Let / : (0,1] —> (0,1] be a map, then / : I® —> I® is a morphism if and only 

if Ve g (0,1] 3(5 G (0,1] : / ((0, (5]) c (0, e], i.e. if and only if lime^o+ /(e) = 0. 

(iii) For the set of indices F of the full algebra, we recall that (Ag)<^ = {0,‘p] 

and If := min{diam(supp(/?), 1}. If / : J® —> /® is a map, then we have 
that / : (0,(p] — > (0;'/’] is infinitesimal if and only if Ve g (0,1] 3(5 G 
(0,1]: /({rOi/j I r G (0,(5]}) c {rQip\re (0,£]}. Therefore, this implies 
that lim£^Q+ /(e ©'(/’) = 0. If we denote by the unique r e (0,1] 
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such that /(eO'f/j) = r Q (p (in case it exists), then / : ( 0 ,(p] —>■ ( 0 ,'*/'] is 
infinitesimal if and only if lim£_,o+ = 0. Moreover, / : I® —> F is a 

morphism if and only if Vm e N V (/3 e Am e Nyijj e Aq : limg_>o+ = 

0. This and the previous example justify our use of the name infinitesimal in 
Def. 8 . 

(iv) Let e Mo be fixed, let := ((0, </?], ^, {(0, (/j]}), where the order relation 

on is the restriction of the order relation on F. If / : (0,1] —> (0,</>] is 
the function /(r) := rQcp for every r e (0,1] then we have that / : \ —» F 
is a morphism. Conversely, if g : (0, —> (0,1] maps every f e (0, Lp\ to 

the unique r e (0,1] such that = r Q (p, i.e. g{'ip) = then g : F —> is 
a morphism. We have that / = g~^. 

(v) Let us denote by N the set of indices (N, ^,In) where < is the inverse of the 

usual order notion on N (namely, m < n iS m ^ n) and, for every natural 
number n, := e N | m < n}. If / : N ^ (0,1] is the function that 
maps n to we have that / : I® —> N is a morphism. Conversely, if 

g : (0,1] —> N is the function that maps e to the floor [ij then g : N —> F 
is a morphism. 

(vi) For every n e N let us fix pn e Mn\Mn+i- Let / : N —> Mo be the func¬ 
tion that maps n to pn- Then we have that / : F —> N is a morphism. 
Conversely, if o : Mo —> N is the function that maps p to o{p) (see (iii) in 
Example 2) then o : N —> F is a morphism. 

Lemma 10. Let = (7^, be sets of indices for k = 1, 2, 3. Let a e A e 

Ii, b e B e I 2 and c e C e I 3 . Then if f : M^a —> and g : B<^b —> C<^c o,re 

infinitesimals, also the composition fog: Mjjo —> Cs^c is infinitesimal. 

Proof. By definition, for every a e M^a there exists S 2 ^ b such that /(e 2 ) e Mjjq, 
for every 62 ^ B such that 62 ^ S 2 ^ b. But g : B^^h —> C<^c infinitesimal means 

\//3 e e C<^c ■ g 

We apply this property with fi = 62 to get gies) e for every £3 e C^c 

sufficiently small, let us say for each £3 ^ ila ^ c. Therefore figiss)) G M^q, for 
every £3 G C^c such that £3 ^ da. □ 

The following results motivate our definition of morphism of sets of indices. 

Lemma 11. In the assumptions of Def. 8 , let f : M^a —> B<^h be infinitesimal, 
and let 'P{ei) be a given property of ei G Ii. J/V''^£i G A^aP{£i) then V ''^£2 G 

B^,V{f{e 2 )). 

Proof. Let ei G Mj^q be such that P(£i) holds for all £1 G M^ei- Since / : M^a —> 
B^b is infinitesimal, there exists 62 G B^b be such that /(£ 2 ) G ^sSei for all £2 G 
5 ^ 62 - Therefore P(/(£ 2 )) holds for all £2 G 5 ^ 62 - D 

Theorem 12 . Let Ik = {Ik, Ik) be sets of indices for k = 1,2. Let f :Ii —> I 2 
be a morphism of sets of indices and let V{£i) be a given property of Si G 7i. If 
V*^£iP(£i) then'i^^e 2 V{f{£ 2 )) ■ 

Proof. Let M G Ii be such that Va G A'i'^^ei G M^a’P(ei) holds. Since 0 f X\, 
there exists a G M. But / : Ii — > I 2 is a morphism, so there exists B £ T 2 such 
that / : M^a —> B^b is infinitesimal for all b e B. By Lemma 11, we deduce that 
V ''^£2 g B<^b'P{f{£ 2 )), which is our conclusion. □ 
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Three simple consequences of Theorem 12 are presented in the following Corol¬ 
lary. 

Corollary 13. Let Ifc = (/fe, be sets of indices for fc = 1, 2. If f : Ii —> I 2 

is a morphism of sets of indices, then the following properties hold: 

(i) Ifi >ii j then io f > 1 ^ jo f; 

(ii) IfXei = 0 ( 2 /ei) as ei e Ii, then as £2 e I 2 ; 

(Hi) For every net g : Ii —> K. i/ 1 = limi^ g then I = limi^ g o f. 

Proof. Property (i) follows directly from Thm. 12 because i > 1 ^ j means V*£ : 
ig > jg. To prove (ii), let A e Ii be such that Xg^ = OA.aiyei) for all a B A. 
Therefore, there exists H e R>o such that V''i£i G |xgj ^ H ■ |?/gj. But 

A A 0, so we can pick a e A, and / : Ii —> I 2 yields the existence oi B B I 2 
such that / : is infinitesimal for all b B B. By Lemma 11 we get 

V ^^£2 g | 2 ^/(£ 2 )| ^ ^ ' | 2 ^/(e 2 )|i from which the conclusion follows. Using the 
same ideas, we can prove (hi). □ 

Theorem 14. The class of all sets of indices together with their morphisms form 
a eategory Ind. 

Proof. The only non-trivial property to prove concerns composition, namely that 

for every pair of arrows Ii I 2 , I 2 —^ la, we have that Ii I 3 is a morphism 

of set of indices. By our hypotheses we know that: 

B XiM a B A 3B g I 2 g B —> B^b is infinitesimal; (3.1) 

'iB G I2 G B 3C G I3 Vc G C : g ■. B^b —>■ C<^c is infinitesimal. (3.2) 

For a B A B Ti, from (3.1) we get a non empty B B X 2 . Take any element b B B, so 
that (3.2) yields the existence of C G I 3 . For c G C, both (3.1) and (3.2) give that 
/ : —> B<^b and g : B<^b —> are infinitesimal, and the conclusion follows 

from Lemma 10. □ 

3.1. Downward directed and segmented sets of indices. In this section, we 
study suitable classes of sets of indices where the notion of morphism of the category 
Ind simplifies. 

Definition 15. Let I = (I, ^,1) be a set of indices, then we say that 

(i) I is segmented if VA B X3a : (0, a] c A; 

(ii) I is downward directed if (/, ^) is downward directed, i.e. for every a, b B I 
there exists cB I such that c ^ a, c ^ b. 

Moreover, if I is downward directed, we call canonical set of indices generated by 
I, and we denote it by I, the set of indices I = (I, 5/), where 

<5/ := {(0,a] I oG /} u {/}. 

Since (/, ^) is downward directed, it is immediate to prove that I is a set of indices. 
Example 16. 

(i) If I = F then 1 = 1. 

(ii) If I = F then then I 7 ^ I. 

As mentioned above, the notion of morphism is simplified when we work with 
this type of sets of indices. 
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Theorem 17. Let Ii,l 2 be sets of indices and let f : I 2 —> Ii be a map. Let 
us assume that Ii is segmented and I 2 is downward directed. Then the following 
conditions are equivalent: 

(i) / : Ii —> I 2 ® morphism of sets of indices; 

(ii) Vae/i36eJ2: f{{ 0 ,b])^ { 0 ,a]; 

(Hi) Va e /i V6 e J 2 : / : (^i)<(j —> ('^ 2 )<t, infinitesimal. 

Proof. To prove that (i) entails (ii), let / : Ii —> I 2 be a morphism and let a e Ii. 
Setting A = Ii \n the definition of morphism, we get the existence of B e I 2 such 
that / : A<;a —> B^i is inhnitesimal for each b e B. Take any b e B ^ 0. Setting 
a = a in the definition of infinitesimal (Def. 8), we get the existence of 6 G B^^ c I 2 
such that /(e 2 ) 6 (0, a] for all 62 e (0, b], which is our conclusion. 

To prove that (ii) entails (hi), let a G Ji, b e I 2 and let 6 G /2 be such that f{0,b] ^ 
(0, a]. Let a g (0, a] and let b G B^^ be such that /(0, b] c (0^ a]. Since {I 2 , ^) 

is downward directed, we can find (3 e I 2 such that (3 ^ b, (3 ^ b. By construction, 
/(0,/3] c (0,a] and (0,/3] c (00] = (/^^^ . Therefore / : (/i)^„ —> (^ 2 )^,, is 
infinitesimal. 

To prove that (hi) entails (i), assume that a e A e Xi. Set B := I 2 and take any 
b e B. By (hi) we obtain that / : (/i)<(j —> infinitesimal. Therefore, 

for each a ^ a there exists P ^ b such that we have /(e 2 ) ^ ol for every £2 ^ /3. 
small, let’s say for £2 ^ /3 ^ 6. But Ii is segmented, so there exists 0 ! such that 
(0,a'] c A. Once again from (ih) we also have that / : (/i)<(j, —>• 
inhnitesimal. Hence for some (3 ^ b we have f{s 2 ) < a' for each £2 ^ (3. Since 
{I 2 , <) is downward directed, we can hnd P e I 2 = B such that ^ /3 and P ^ (3. 
Therefore, for each £2 ^ /3 we have both /(£ 2 ) ^ a and /(£ 2 ) e (0,a'] c A. This 
proves that / : A^a —> H<;t, is inhnitesimal, which completes the proof. □ 

Theorem 18. Every segmented downward directed set of indices I is isomorphic 
to I in the category Ind. 

Proof. It suffices to consider the identity li :ie I i—>-ieL, which is a morphism 
1/ G Ind(I, S) n Ind(I, I) because of condition (ii) of Thm 17. □ 

Therefore, up to isomorphism, the only segmented downward directed set of indices 
having (/, ^) as underlying pre-ordered set is I. 

4. Asymptotic Gauge Colombeau Type Algebras 

4.1. Asymptotic Gauges. In [11], we introduced the notion of asymptotic gauge. 
The idea was to use it as an asymptotic scale that generalizes the role of the 
polynomial family (£")eg(o.i],neN in classical constructions of Colombeau algebras. 
We recall the notations and notions from [11] that we will use in the present work. 
For all the proofs, we refer to [11[. 

Definition 19. Let I = (1,^,1) be a set of indices. All big-Os in this dehnition 
have to be meant as Or in I (see Def. 4). We say that B is an asymptotic gauge on 
I (briehy: AG on I) if 

(i) B c 

(ii) lie B ■. limii = oo; 

(iii) \/i0eB3peB: i ■ j = 0 {p)\ 

(iv) Vi G HVr G G H ; r ■ i = 0{a)\ 
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(v) \/i,jeB3seB: s >i 0 , |i| + |j| = 0(s). 

Let B be an AG on the set of indices I = (7,^,1). The set of moderate nets 
generated by B is 


Rm(S) := {xeR^ \3be Bx, = 0{b,)} . 

Let us observe that Km(S) is an AG, and that ]Rm(Rm('B)) = Km(S)- Every 
asymptotic gauge formalizes a notion of “growth condition”. We can hence use an 
asymptotic gauge B to define moderate nets. We can also use the reciprocals of 
nets taken from another asymptotic gauge Z to define negligible nets. From this 
point of view, it is natural to introduce the following: 

Definition 20. Let c R" be an open set, let B, Z be AG on the same set of 
indices I = (7,^,1). The set of B-moderate nets is 

£M{B,il) ■={ueC^{ny I VX(cfiVaeN"37eS: sup \d°‘ue{x)\ = 0{be)}. 

x^K 

The set of Z-negligible nets is 

M{Z,Q) :={itGC®(n)^ I V77(cfiVaGN"VzG2:>o : sup|d“uE(x)| = 0 (^ 7 !)}. 

xeK 

(4.1) 

In [11], we proved that if IRm(S) c R^(Z) then the quotient £m{B, Q)/Af{Z, 71) 
is an algebra. When this happens, we will use the following: 

Definition 21. Let S, Z be AG on the same set of indices I = (7, ^,1) such that 
M.m{B) c R]^^(^Z). The Colombeau AG algebra generated by B and Z is the quotient 

g{B,Z) := £M{B,n)/Af{Z,n). 

We will use the notation f7(S, Z, £t) to emphasize the dependence on the open set 

n. 


Morphisms between sets of indices can be used to construct asymptotic gauges, 
as the following theorem shows. 

Theorem 22. Let B be an asymptotic gauge on the set of indices Ii and let f : 
Ii —> I 2 be a morphism. Then 

Bof = {bof\beB} 

is an asymptotic gauge on I 2 . 

Proof. All the defining properties of an asymptotic gauge for 6 o / can be derived 
from Gor. 13. For example, let us prove that "ii, j e B o f 3s e B o f : s >i 
0 ! 1*1 + bI = Let i, j e Bo f and let i = o /, j = 62 o /. Let 63 e S be such 

that |tii I + I 62 I = 0 ( 63 ). Then by Gor. 13 we deduce that | 6 io/| + I 620 /I = 0 ( 630 /). 
Setting s = 63 o / we therefore have that |i| + |/| = 0(s). □ 

5. The categories Ag2 and Agi 

We want to prove that the Golombeau AG algebra construction of Def. 21 is 
functorial in the pair (B,Z) of AG. In proving this result, the following category 
arises naturally: 

Definition 23. We set 

(i) (S, Z) e AG 2 if S, Z are AG on some set of indices I and ]Rm(S) c ]RJ^^(Z). 
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(ii) Let (Bi,Zi), ( 82 , 22 ) e AG 2 be pairs of AG on the sets of indices resp. Ii, 
I 2 . We say that / G AG 2 ({Bi,Zi), ( 82 , 22 )) is a morphism of pairs of AG if 
/ G Ind(Ii,l 2 ), Km(Si o /) c Rm(B 2 ) and Rm(Z 2 ) ^ o /)■ 

Theorem 24. AG 2 with set-theoretical composition and identity is a category. 

Proof. It is sufficient to consider the composition. Let / G AG 2 (( 61 , Zf), ( 82 , Z 2 )) 
and g G AG 2 (( 82 , 22 ), ( 83 ,Z^)). By definition, / G Ind(Ii,l 2 ) and g G Ind(l 2 ,l 3 ), 
therefore f o g e Ind(Ii,l 3 ) by Thm. 14. Moreover, 

Rm(Si o (f o g)) = {b o f o g \ b e Bi} ^ {b o g \ b e 82 } = 82 o g, 

since Rm( 8 i o /) c But 62 o 5 c ^^(62 o g) c ^^(^ 3 ), from which the 

first part of the conclusion follows. To prove the second part of the conclusion we 
notice that, as Rm('Z^ 2 ) ^ Rm(-Zi of), we have that 

Rm(-Z 2 o g) ^ M.m((Zi o f)o g) = Rm(Zi o (f o g)), 
and the thesis follows since ]Rm(' 23 ) c R ^(22 o g) by hypothesis. □ 

The generalization with two AG is a relatively new step in considering Colombeau 
like algebras. It is therefore natural to consider also the following 

Definition 25. We say that 8 G Agi if ( 8 , 8 ) g Ag 2 . We set / g Agi( 8 i, 82 ) 
if / G AG 2 ((Si, Si), (S 2 , S 2 )). We call such an / a morphism of AG. In this case, 
Def. 23 (ii) becomes ]Rm(Si o /) = M.m(82). 

Of course AGi is embedded into AG 2 by means oi 8 1 -^ ( 8 , 8 ) and of the identity 
on arrows. By an innocuous abuse of language, we can hence say that AGi is a 
subcategory of AG 2 . 

Example 26. 

(i) Let I = F, let Si = {(e”’") | n g N}, S 2 = | n g N}. Then /, 

£ 

g : I —> I such that /(e) = and g(e) = ^/e induce morphisms Si 82 
and 82 —^ Si. Clearly f o g = and go f = Ig^, therefore Si and 82 are 
isomorphic. 

(ii) Let Ii = F, I 2 = N (see Example 9 (v)), let Si = {(e“") | n g N}, S 2 = 

{('R™)n I 771 G N}. Then / : Ii —> I 2 such that f(n) = for every 77 G N 

induces a morphism Si 82 and g : I 2 —> Ii such that g(e) = [ij for 
every e G (0,1] induces a morphism 82 —^ Si. 

(iii) Let o : N —> F be the morphism given by the maps o that maps every 

G A-o to the order o((p) of ip. Let Si = {(h^)n | tti G N} where bn = 
for every ?7 G N and let 82 = {(&^)i^ | 77 G N}, where b,p = for every 

p G Aq. Then Si — 82 is a morphism. 

(iv) Set f(e) = e + • sin (i) for e G (0,1] and S® := | a G R>o}. Then 

e — ^ /(e) ^ e + e^, and this implies / G AGi(S'*, S®). Let us note that / 

is not invertible in any neighbourhood of 0 so that it is not an isomorphism 
of AG. 

In [ 11 ], we defined two asymptotic gauges Si, 82 to be equivalent if and only 
if Rm(Si) = Rm(S 2 ). Within the present categorical framework, this definition is 
motivated by the following result. 

Theorem 27. Let 8 be an asymptotic gauge on I. Then 8 is isomorphic to Rm(S). 
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Proof. It is sufficient to observe that, by definition, B M.m{B) is a morphism 
and, since ]Rm(Rm(S)) = Rm('B), also Mm(S) S is a morphism. □ 


In particular, it follows that for every two asymptotic gauges Bi, B 2 defined 
on the same set of indices I, we have that if Bi is equivalent to B 2 then they are 
isomorphic. Conversely, if / G AGi{Bi,B 2 ) is an isomorphism, then Rm(Si) = 
Km(Si 0 / 0 /-I) = IRm(S 2 0 /-I) = Rm(Si), and hence Mm(Si) = Km(S 2 
Analogously, Rm{B 2 ) = Mm(Si of). In particular, the identity 1/ G AGi( 6 i, S 2 ) n 
AGi(S 2 ,Si) if and only if these AG are equivalent. For example {(g““) | a G R>o} 
and {(£“") I n G N} are equivalent. Nevertheless, it is not difficult to prove that not 
all isomorphic AG on the same set of indices are equivalent. To prove this result, 
we need to recall (see [11, Def. 36]) that an AG B is called principal if there exists 
a generator be B such that Km(AG(6)) = Rm(S), where AG( 6 ) := | m G N}. 

Theorem 28. For every principal AG B\, B 2 on F, then 

there exists a prineipal AG B^ such that £ RM(fi 3 ) £ ®.jvf(S 2 ). 


Proof. Let Bi = AG{bi) and B 2 = AG{b 2 ). Without loss of generality we can 
assume that fei,£,& 2 ,e > 1 for every e G (0,1]. Moreover, as ]Rm(Si) £ Km(S 2 )) we 
have bi = Oxb(& 2 ). So, without loss of generality, we can also assume that &i ^ < & 2 ,e 
for every e G (0,1]. Since Rm(^i) S Rm('B 2 ), we have that 62 ^ Km(^i), namely 
that 

Vn G N Ver G (0,1] 3(5 < e : n ■ b^ g < & 2 ,( 5 - 

Now, we let 63 g be a net such that bi^^ < < 62,6 for e small, and Vn G N 



if nis odd; 
if nis even, 


where ei = 1 and 


£n G i £ < mm 


5 ^n—1 


■ ble < b2, 


for every n > 2. Since ^ ^ 62,6 for £ small, we have that that ]Rm(Si) ^ 

]Rm(AG( 63 )) c ]R^(S 2 ). Let us prove that the reverse inclusions do not hold. To 
prove that, let us assume, by contradiction, that Km(AG( 63 )) c In partic¬ 

ular, there exists fc G N such that 63 = 0 ( 63 ), namely there exists £ G (0,1], G R>o 
such that bs^s F[ ■ b’l g for all 6 < e. Set 


N := min 


n G N I n is even and n > max 



We have 


N-b 


N_ 

l,eN 


< b2,eN 


- ^3,ejv 




H ■ 


b 


k _ 

l,EiV 


< 


N-b 


N_ 

!,£«■ ’ 


which is absurd. To prove that Rm(AG( 63 )) c M^(S 2 ), we proceed in a similar 
way. Let us assume, by contradiction, that IRm(S 2 ) £ ]Rm^(AG(& 3 )). Let fc G N be 
such that &2 = 0 ( 63 ). Let e G (0,1], H e R>o be such that 62.5 If • b^ g for all 
5 < e. Set 


N := min 


|n G N I n is odd and n ^ max 




We have 
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which is absurd. □ 

Corollary 29. For every principal AG Si, 132 on F, j/]RM(Si) c then 

there exists an infinite sequence <[Ai | i e Z) of principal AG on F such that 

Mm(Si) c ... c c Rm{Ao) S Rm{Ai) S • • • £ Rm(S2 ). 

Proof. This is an immediate consequence of Theorem 28. □ 

In particular, if we let Spoi := | n e N} and Sexp := {(e"/^) | n e N}, by 

Corollary 29 we have that there are infinitely many principal non equivalent AG be¬ 
tween Spoi and Sexp. However, as we will show in Section 6, Spoi ;= {(e~") | n e N} 
and Sexp := {(e”/®) | n e N} are isomorphic, and this shows that not all isomorphic 
AG are equivalent. 

In [11], we proved that Rm(S) is the minimal (with respect to inclusion) asymp¬ 
totically closed solid ring containing the AG S. Therefore, we deduce that, modulo 
isomorphism, all the objects in a skeleton subcategory of AGi are asymptotically 
closed solid rings. 

In [11], we introduced the notion of “exponential of an AG”, which was crucial to 
study linear ODE’s with generalized constant coefficients. We recall its definition. 

Definition 30. Let S be an AG, and let ^ : M —> be a non decreasing 

function such that 

lim = - 1 - 00 ; 

X^ + CO 

ybe B3ce B : ^l{c,). (5.1) 

We set p,{B) := {(p(Ll • bfi})^ \ FI G M>o, b G B}. In particular, 

e® := {e^ '' | iLGR>o,6eH} 
is called the exponential of B. 

The following results will be needed to prove Thm. 35. 

Lemma 31. In the hypotheses of Def. 30, we have that fi{B) is an AG. 

Proof. Def. 19 (ii) and [11, Lemma 18] imply the existence oi i e B such that 
limn i = -l-oo. Therefore, our assumptions yield limegn= -l-oo, which proves 
Def. 19 (ii) for p,{B). The asymptotic closure with respect to sum of absolute 
values follows from monotonicity of fj, and the inequality fi(H ■ ig) + fi(K ■ je) ^ 
2 • p (iL • liel + K ■ IjeI). The asymptotic closure with respect to product follows 
from the inequality 

H{H ■ ie) • -je) ■ \ fi\ + K ■ \j^\f 

and from assumption (5.1). □ 

Lemma 32. Let I = (1,^,1) be a set of indices, and let x, y, z e R^. Let 
p, : R —> be a non decreasing function. Then Xg = O [p(?/e)] and y <i z imply 

Xe = 0 [p{Ze)\. 

Proof. From the assumptions we get 

3A G T\/a G A . Xg GaA [/^(ye)] ! 

3J3 G T\/b G B 3gq ^ h\fs G ■ y^ ^ z^. 
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Def. 1 (iii) implies the existence of Z? e I such that D A n B. For d e D, [ 12 , 
Thm. 2.8 (x)] yields = Odo [diVs)], and therefore, for suitable H e R>o and 
So ^ d, ei ^ d, we can write |a;g| ^ H \fi{y^)\ = Hy,{y^) for each e e and 

y^ < Ze for each e e Since (0,(i] = is directed, we can find e ^ d, eg, 

El- Therefore, for each e ^ e we have [lej ^ Hyiy^) ^ Hy^Ze) because y is non 
decreasing. This proves our conclusion. □ 

Corollary 33. Let Si, S2 be AG on the same set of indices I, and let /r : R —> Rj-o 
verify the assumptions of Def. 30 . Then Rm(Si) c Rji,f(S2) implies Rm(/i(Si)) c 
Rm(ai(S2)). 

Proof. Let (y') = {y{H ■ b'^)) e y{Bi), with 6' e Si, and let b" e S2 be such that 
6' <i b". Then we have that (y') <i {y{H ■ b")) e y (S2) since y is monotone. □ 

Definition 34. Let AGsj be the subcategory of AGi having the same objects of 
AGi, and arrows such that / G Ag^(Si,S 2) if / g Ind(Ii,I 2) and Rm (Si o /) = 
Rm (S2). Let y verifies the assumptions of Def. 30 , and let Ef^ : Ag^ —> Ag^ be 
defined on objects and maps of Ag^ as follows: 

(i) E{B) := y{B) for each S G AGsj; 

(ii) S(/) := / for each / G Ag^(Si,S2). 

Theorem 35. Ag^ is a subcategory of AGi . If y verifies the assumptions of 
Def. 30, then : Ag^ —> Ag^ is a functor. 

Proof. To prove the first part, assume that Rm (Si o /) = Rm (S2) and Rm (S2 o g) = 
Rm (S3). Then if biof <12 62 and 6203 <13 63, for bi G Si, then biofog <13 b 2 og <13 
63 by Cor. 13 . If 63 <13 &2 o y and 62 <12 bi o f then 63 <13 &2 o fl <13 bi o f o g 
once again by Cor. 13 . This implies that Rm (Si o (/o y)) = Rm(S 3), hence 
/oy e Ag^(Si,S 3). This and Cor. 33 show that Ag^j is a category. By Cor. 33 , 
we also have that AGjj is a subcategory of AGi. To show the second part, since 
is the identity on arrows, it suffices to observe that S and y{B) have the same 
set of indices for every AG S, and that y{Bi) o / = y{Bi o /). Thus it follows by 

Cor. 33 that S^(Si) = y{Bi) —> y(B 2 ) = S^(S2) is an arrow in Ag^ for every 

f 

arrow Si S2 in AG,g. □ 

Now we want to prove that the map (S, Z, D) 1-^ G{B, Z, D) is a functor. Clearly, 
{B,Z) G AG2, so we need to introduce a category having as objects open sets like 
D: 

Definition 36 . We denote by OR® the category having as objects {D c R’^ | n G 
N, Dopen} and as morphisms OR®([/,D) := C“([/,D). 

Therefore, we can now prove the following: 

Theorem 37. Q : AG 2 x (OR®)°p —> AlGr is a functor, where AlGr is the 
category of commutative algebras over R. 

Proof. Let i G AG2((Si, Zi), (S2,2^2)) be a morphism of pairs of AG and h G 
C”(D2,Di), Gtj being an open set in R"^'. The natural definition of G{i,h) to get 
that G{i,h) : G^Bi, Zi,fli) —> G{B 2 , Z 2 ,D, 2 ) is a morphism of algebras is 

G{i, h) : o h] . 
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To prove that this definition is correct, we assume K 2 (g ^^2 and a e N"^. Since 
(uej G 6m{Bi,V,i) and h{K 2 ) =■ Ki (£ we obtain 

36' G Bi : sup \d°‘ue-i{x)\ = 0(6^J as ei g Ii. (5.2) 

xeKi 

But 6 ' G Si c Rn^(Si), so 6 ' o i G Rm(Si o i) c IRj\^(S 2 ). We can hence write 
6 '^ = 0{b"^) as £2 £ I 2 for a suitable 6 " G S 2 . This, Cor. 13 (ii) and (5.2) yield 

sup |d“ {ui^^ oh) {x)\ = 0 (b',] = 0(6"J as £2 g I 2 . 

X€K2 ^ ' 

This shows that [ui^^ o 6 .] g £m{B 2 ,^ 2 )- Now assume that (uej —(u£^) e Af{Zi,fli), 
K 2 , a as above, and z G (Z 2 )^q. Since Km(-Z^ 2 ) £ Rm(-2i o i), we can write 
as £2 G I 2 for a suitable ( G (Zi)^q, and hence We 

thus obtain 

sup |d“u£j(a;) - d°^Vej^{x)\ = O(Q^) as £1 g Ii, 

xeKi 

where h{K 2 ) =: Ki. From this and Cor. 13 (ii) we obtain the conclusion 

sup \d°‘ [ui^^ o h) (t) - (5“ (ui^^ o h) (j:)| = 0{z~^) as £2 G I 2 . 
xeK2 

The proof that G{i,h) is a morphism of R-algebras follows immediately from the 
pointwise definitions of the algebra operations. The functorial properties of G follow 
directly from the definition of G{i,h) and the fact that in the domain AG 2 x 
((! 1 R®)°^ composition and identity are the corresponding set-theoretical operations. 

□ 

Now, let n G N be fixed. Let 7TR" be the subcategory of OR” having as objects 
the open subsets of R" and, as morphisms, the inclusions. From Thm. 37 we get 
that G{B,Z^—) : (7TR")°^ —> AlGr is a functor, i.e. it is a presheaf. Trivially 
generalizing [5], it is also possible to prove that G{B, Z^ —) is a sheaf of differential 
algebras. In particular, the following diagram commutes 

^(Bi,Zi,L!i) G{B2,Z2,n2) (5.3) 


G{Bi,z,,n,) g{B2,Z2,^2) 

for each multi-index a G N" and each inclusion h G 7 TR"(ll2, f^i). Clearly, in 
(5.3), : [ue] G GiBk,Zk,Glk) ^ e G{Bk.,Zu,Glk)- Let us note that, in 

general, diagram (5.3) doesn’t commute if h is an arbitrary smooth function. For 
this reason, when we want to deal with differential algebras, we will always consider 
TTR" instead of the category OR”. 

As a consequence of Thm. 37, we also have that essentially all the constructions 
of Colombeau-like algebras are functorial. For example, we can consider the set 
of indices F of the special algebra, the AG S® := {(£““) | a e R>o}, and the full 
subcategory AGr of AGi of all the AG on F. Clearly, G^iB,fl) := G{B,B,Gt) is a 
functor G^ '■ AGjb x (0R”)°^ —> AlGr which corresponds to the usual sheaf via 
the restriction G^{B^, Gl) only for Gl G 7TR”. Analogously, we can consider G, 17®, G‘^ 
and G^- 
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We also finally note that if we consider an inclusion h G 7TR"(n2, fli) and a mor¬ 
phism of pairs of AG i g AG 2 ((Si, 2i), (62,-Z2)), then G{i,h) : G{Bi, Zi,Qi) —> 
G(J 32 , Z2,Gi2) preserves all polynomial and differential operations. Of course, it also 
takes generalized functions in the domain G{Bi, Zi,^li) into generalized functions 
in the codomain G{B2, Z2,fl2)- We can therefore state that G{i, h) permits to relate 
differential problems framed in G{Bi, Zi,ili) to those framed in C/(S2,2^2,1^2); see 
also the next Thm. 38 . 

6. An unexpected isomorphism 

If we set Bpoi ■= {(g~") | n g N} and Sexp := I ^ ^ N}, it is well known 

(see [ 5 , 11 ]) that an ODE like 


( 6 . 1 ) 


\x'{t) - [e 1] • x{t) = 0; 

|a;(0) = 1, 

has no solution in the algebra G{Bpo\,Gt) = G^{Gt), but it has a (unique) solu¬ 
tion x{t) = t £ IRc(Sexp); in l/('Bcxp,R)- On the other hand, if we set 

A(e:) := —for e G ( 0 , 1 ), and A(l) := 1 , then we have lim£^o+-^( g) = 0 + 
and hence, by Example 9 (ii), A G Ind(F,F) is a morphism of set of indices. 
Moreover, ((e”/^) o A) (e) = £“” and hence KM(Sexp o A) = M.M{Bpoi)- Therefore, 
A G AGi(;Bexp, Spoi) is a morphism of AG. Analogously, if we set 77(e) := e“e, for 
e G ( 0 , 1 ), and 77(1) := 1 , then we have A = 77“^ and 77 G AGi(Spoi, Sexp)- Therefore 
Spoi — Sexp as AG. Thm. 37 thus yields 

G{Bpo\,Gl) ~ t/(yBexp,D) 

R(Spol) K(i3exp)- 

This does not imply that the algebra G{Bexp, R) is useless, because we still have the 
fact that the Cauchy problem ( 6 . 1 ) has no solution in t/(Spoi,R)- Nonetheless, we 
can say that the isomorphism A G AGi(Sexp, Spoi) transforms ( 6 . 1 ) into 


x'{t) — [— logs] • x{t) = 0; 

a;(0) = 1. 


( 6 . 2 ) 


Therefore, ( 6 . 2 ) has solution in tl(Spoi,R) if and only if ( 6 . 1 ) has solution in 

t/(6exp,R)- 

This example is generalized in the following theorem, where we talk, essentially for 
the sake of simplicity, of ODE. 

Theorem 38. Let I G IND be a set of indices and let 6, c G be infinite nets, 
i.e. such that limegi^e = limegiCg = -foo. Set 

AG(6) :={(6^) IugN} 

for the AG generated by b (and analogously for c). Assume that 77, A G Ind(I, I) are 
morphisms ofl such that rj = A“^; 

br,(e) = Ox (Ce) , Cx(e) = Ox {bf) flS £ G I. ( 6 . 3 ) 

Then 

(i) AG(6) - AG(c) as AG; 

(ii) G{P^G{b), 9 ) ^ e(AG(c), D) and ft(AG(6)) - i(AG(c)); 
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(Hi) let F = [Fe] g Q{AG{b),MF x K), x = [xe] 6 R", t = [F] e R- Then the 
Cauchy problem 

{x'{t) = F{x{t),t)\ 

[x(i) = X, 

has a solution x G 0(AG(6), (^1,^2)) if o.nd only if the Cauchy problem 


{y'{t) = [Fa(e)] {y{f)C)-, 

l2/([iA(s)]) = [xx{e)] , 

has a solution y G ^(AG(c), (< 1 ,^ 2 ))- 


(6.5) 


Proof. Assumption (6.3) yields (6” o rj) (e) = 5”^^^ = Ox (c”) so Rm(AG( 6 ) o p) = 
Rm(AG(c)). Analogously, we have Mm(AG(c) o A) = Rm(AG( 5)). This shows that 
77 and A are morphisms of AG, and hence it proves (i). Property (ii) follows from 
the functorial property of C/(— , 17 ) : AGi —> AlGr. To show (hi), let x = [xe] G 
g{AC{b),{ti,t2)) be a solution of (6.4) and set y ■■= Q (^) = [a^A(e)]- 

Therefore, Thm. 37 and (5.3) yield the conclusion. □ 


For instance, if 6 , c : (0,1] —> (0,1] are homeomorphisms such that limE_>g 4 - bg = 
0 = limE_>Q+ Ce, then rj := c o b~^ and A := rj~^ verify the assumptions of this 
theorem. 


7. The Category of Colombeau Algebras 

In this section, we want to show that the Colombeau AG algebra, the related 
derivation of generalized functions and the embedding of distributions are all func¬ 
torial constructions with respect to the change of AG. Although in this section we 
work on an arbitrary set of indices, we restrict our study only to embeddings of 
Schwartz’s distributions defined through a mollifier. Therefore, we are going to deal 
with mollifiers with null positive moments, namely with function p G <S(R") such 
that J p(x)x^ dx = 0 for every k G N", |fc| ^ 1. We call Colombeau mollifier any 
such function. 

Definition 39. Let n G N>o be a fixed natural number. Then pAG denotes the 
category of principal AG, whose objects are pairs (b, B), where S is a principal AG on 
a set of indices I and 6 G S is a generator of B. Arrows / G p AG ((5i, ), (62 , S 2 )) are 
morphisms / G AGi (;Bi, B 2 ) of AG that preserve the generator, i.e. such that biof = 
62 - Let us note that if / G pAG(( 6 i, Si), ( 62 , S 2 )) and g G pAG(( 62 , S 2 ), ( 63 , S 3 )), 
then the composition in pAG is given as in AGi, i.e. hy f og because / : I 2 —> Ii, 
9 ■ h —> h- 

Whilst the previous category acts as domain in the Colombeau construction, the 
following category of Colombeau algebras acts as codomain. 

Definition 40 . Let DAlGr be the category of differential real algebras. We say 
that (G, d, i) e COL„ if: 

(i) (G, d) : (7TR")°^ —> DAlGr is a functor (i.e. it is a presheaf of differential 
real algebras). In particular, (9 q : G(I7) —> G(I7) is a derivation for all 
a G N". 

(ii) If we think at both functors V', G : (7iR”)°^ —> Vectr with values in the 
category of real vector spaces, then i : T)' —> G is a natural transformation 
such that ker (zq) = {0} for every 17 G TTR”. 
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Moreover, for every il G 7TR", we have: 

(iii) C“(r2) is a subalgebra of G{fl); 

(iv) io(/) = /forall/GC”(f]); 

(v) Let Dq : V'(Vl) —> V(fl) be the a G N" derivation of distributions, then the 
following diagram commutes 

v'(n) G{n) (7.1) 

v'(n) —^ G(n) 

in 

An arrow ip G COL„ {{G,d,i),iH,d,j)) is a natural transformation p : {G,d) —> 
{H, d) such that for all G 7TR" the following diagram commutes: 

V'{n) H{n) (7.2) 

in 

G{n) 

The following results prove the goal of the present section: 

Lemma 41. COL„ is a category. 

Proof. For every object (G, d, i) G COL„, the identity lG(n) : G{^^) —> G{ft) serves 
as the identity arrow of {G,d,i) in COL„. To conclude the proof, it is sufficient 
to consider the composition of arrows. Let p G COL„ ((G, <9, i), (77, (i,j)), ij; G 
COL„ ((77, d,j), (F, 77, k)), then fjop : (G, d) —> (F, 77) is a natural tranformation 
and the following diagram commutes: 



Gin) ^ v'in) Fin) 



77(17) 


In particular, we have that 


V'in) Fin) 



Gin) 


commutes, namely o p e COL„ ((G, <9, i), (F, D, k)). □ 

Theorem 42. Let p be a Colombeau mollifier. For each (&, B) G pAG, set 

CoC(6,S) := (0(6,-),d,z^), 
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where is the usual embedding defined using the generator b and the fixed mollifier 

p (see ?>ec. 4,\ for details). For / e pAG(( 6 i, Si), ( 62 , S 2 )) and e 7TR”, set 

Coi>)if)n : KJ e ^ e il). (7.3) 


Then 


is a functor. 


Coll) : pAG —»• COL„ 


Proof. The property Colf){b,B) e COL„ for every (6 , S) G pAG is a consequence of 
the results about Colombeau principal AG-algebras and embeddings of distributions 
proved in [11, Sec. 3 and 4]. 

We are left to prove the properties of Coil) with respect to arrows. First of all, let 
us prove that 

CoCif) G Col„(CoC(6i,Si),CoC(&2,S2)) = 

= Gol„ ((e(Si, -), <5, i^J, {g{B2, -), d, i^J) (7.4) 

for every / G pAG((6i, Si), (& 2 ) S 2 )). Theorem 37 gives that Co£0(/)q :^(Si,f2) —> 
g{B2, 14) is a morphism of K.-algebras (we recall that g{B, 14) := g{B, S, 14) for every 
AG S). From [11, Thm. 4.7[, it suffices to prove the commutativity of the diagram 


F'(14) 


e(S2,14) 


“i/r! 


Coii^iDn 


^(Si,14) 


only for compactly supported T G Vifl). In this case, we have 

C<(/)o [K)o (^)] = C<(/)o [T * 61., Op] = 

= [T o p] = [T H. 6262 O P] = 

If 14' c fl, then 

Col){f)n' = Coi){f)n^ KJo'] = 

= [^/(e 2 )ln'] = {Col){f)o. [meJ} In'- 

This shows that Coi){f) : t/(Si,—) —> ^(S 2 ,—) is a natural transformation. To 
show (7.4), there remains to prove that Coi)(f)Q is a morphism of differential 
algebras: 

C<(/)n{<5“KJ} = C<(/)n [<?<] = 

= K«/(e.)] = 5“ {C<(/)nKJ}. 

Since 1/ G PAG(( 6 ,S), {b,B)) is the identity in the category pAG, it is immediate 
to see that Col){\i) = lg(g _) = ^coi^{h,B) from the definition of the map (7.3). 
Finally, let 

/GPAG((&i,Si),(& 2 ,S 2 )) 

g G pAG(( 62 , S 2 ), (& 3 , S 3 )). 
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Let [uej G then 

CoiP,ig)a {Coi?,{fU[ueA)} = Co£a5)o(b/(e.)]) = 

= [“/(9(e3))] = CoW ° 9)ni[ue^])■ 

□ 


8. Conclusions 

We are forced to consider a different AG when we have to deal with particu¬ 
lar differential problems, whose solutions grow more than polynomially in e. It is 
therefore natural to search for a notion of morphism of AG, and to see whether 
Colombeau AG constructions behave in the correct way with respect to these mor- 
phisms. The results of Sec. 5, 6, 7 show that both the construction of the differential 
algebra and that of the embedding by means of a mollifier are functorial with re¬ 
spect to a natural notion of morphism of AG. As shown in Sec. 6, this permits to 
relate differential problems solved for different AG. 
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